Pa3bop 3apay gna npakTtukyma

Denis Bakin



Y10 Takoe matpuua

® MaTpuua — npsiMoyrosibHasi Tabnuua 4mcen pasmepom m X n

® JnemeHT B CTpoKe 4, cTonbue j obosHauaem A, ;

® Yacrble onepaynn: CnoXXeHne, YMHOXEHNE, CKaanpoBaHne, BO3BeAEHNE B CTEMNEHb
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Kak yMHOXUTb MmaTpuubl

® VmHOXNTb MOXHO A pa3mepa m X k Ha B pasmepa k X n
® Pesynstat — maTpuua C' pasmepa m X n
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AcumnToTuka YMHOXE€HNA Mmatpuy,

HaugHbiii anroputm: O(mkn)

[Ons kBagpaTHbix MaTpuy 1 X n: O(n?)

EbICprIe ANIFOPUTMbIl Ny4Lle 77,3, HO CNOXHble

Ons 2 X 2 ymHoxxeHne — koHcTaHTHoe Bpemsi O(1)



AcnmnrtoTtuka YMHOXE€HNA Mmatpuy,
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Mpumep: ymHoxeHne matpuy 2 X 2

MycTb



Mpumep: ymHoxeHne matpuy 2 X 2

MycTb

Torpa

ae+bg af+bh
AB =
(C@—i—dg cf+dh>



YMHOXeHne matpuubl 2 X 2 Ha BEKTOP

Mycts A = (a b), v = <1> . Haiigem Av
c d Y



YMHoxeHne matpuubl 2 X 2 Ha BEKTOp



Yucna PuboHa4yunm — copmyna buxe

Onpepenennve: [y =0, Fy =1, F, =F, | +F,_,

®Dopmyna Bune:




MaTpuya ®PuboHauun

® KaK BbIPa3nTb HAXOXKAEHUS CEAYIOLLEro Ynucna ¢ noMoLLbio matvec onepauun? n-toe?
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MaTpuya ®PuboHauun

® KaK BbIPa3nTb HAXOXKAEHUS CEAYIOLLEro Ynucna ¢ noMoLLbio matvec onepauun? n-toe?

° Frz N Fn,+1
anl Fn

MaTtpuua nepexopa:

Torpa:



Monyuenne I, qepe3s martpuuy

B vactHocTu:

3HaunT
1
- ML 0 naér F,

- OcHoBHasi 3agava — 6bicTpo BbiducanTs M"™
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Cxema peanusauuu 3agaqun

HyxHo Bbiuncnste M™ mod MOD v nonyyats F,.

® Kakas ugest peleHus?

Vicnonbayem Takue pyHKunM:

® struct Matrix

® makeIdentity(int n)

® multiply(const Matrix&, const Matrix&, long long MOD)
® fastPow(Matrix base, long long exp, long long MOD)

® nthFibonacci(long long n, long long MOD)
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Cxema peanusauuu 3agaqun

HyxHo Bbiuncnste M™ mod MOD v nonyyats F,.

® kakasi uges pelueHns?
® kakue PyHKLNM, CTPYKTYpbl Ham NoTpebytoTcsi? kakue apryMeHTbl oHu ByayT npuHnmaTh?

Vicnonbayem Takue pyHKunM:

® struct Matrix
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Cxema peanusauuu 3agaqun

HyxHo Bbiuncnste M™ mod MOD v nonyyats F,.

® kakasi uges pelueHns?
® kakue PyHKLNM, CTPYKTYpbl Ham NoTpebytoTcsi? kakue apryMeHTbl oHu ByayT npuHnmaTh?

® OLeHNTe aCVMNTOTUKY PeLIeHus!
Vicnonbayem Takue pyHKunM:

® struct Matrix

® makeIdentity(int n)

® multiply(const Matrix&, const Matrix&, long long MOD)
® fastPow(Matrix base, long long exp, long long MOD)

® nthFibonacci(long long n, long long MOD)
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#include <vector>

struct Matrix {

int n;

std::vector<std::vector<long long>> a;

Matrix(int _n = 0) : n(_n), a(_n, std::vector<long long>(_n, 0)) {}
i

Ecnu He xo4eTcst ncnonb3oBaTh CTPYKTYPY, @ KpaTKoe HasBaHue xo4eTcs - using Matrix =
std::vector<std::vector<long long>>;
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makeldentity

Matrix makeIdentity(int n) {
Matrix I(n);
for (int i = 0; i < n; ++i) I.ali][i] = 1;
return I;
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fastPow

® kakas acumntoTuka y fastPow?
® KaK NHULMANU3NPYETCS PE3YAbTaT B CTaHAAPTHOM anroputme?
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® kakas acumntoTuka y fastPow?
® KaK NHULMANU3NPYETCS PE3YAbTaT B CTaHAAPTHOM anroputme?

Matrix fastPow(Matrix base, long long exp, long long MOD) {

int n = base.n;

Matrix result = makeIdentity(n);

while (exp > 0) {
if (exp % 2 !'= 0) result = multiply(result, base, MOD);
base = multiply(base, base, MOD);
exp /= 2;

¥

return result;
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long long nthFibonacci(long long n, long long MOD) {
if (n == 0) return 0 7 MOD;
Matrix M(2);
M.af0][0] = 1; M.a[0][1] = 1;
M.a[1][0] = 1; M.a[1][1] 0;
Matrix R = fastPow(M, n-1, MOD);
return R.a[0] [0] % MOD;
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Anroputm EBknnpa

® ocd(a,b) — Hanbonbnii obwuii genutens (greatest common divisor)
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Anroputm EBknupa

® ocd(a,b) — Hanbonbnii obwuii genutens (greatest common divisor)

a:d
d—gcd(a,b)é{b.d =>VkeZ : (a—k-b)id< (amodb):d
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Anroputm EBknupa

® ocd(a,b) — Hanbonbnii obwuii genutens (greatest common divisor)

aid
d—gcd(a,b)é{b.d =>VkeZ : (a—k-b)id< (amodb):d
® Pekypcus:

a, b=0
gcd(a, b) =
ged(b,a mod b), b>0
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Anroputm EBknupa

® ocd(a,b) — Hanbonbnii obwuii genutens (greatest common divisor)

a:d
d—gcd(a,b)é{b.d =>VkeZ : (a—k-b)id< (amodb):d

® Pekypcus:

a, b=0
gcd(a, b) =
ged(b,a mod b), b>0

®*a<b=amodb< g

® Paboraer 3a O(logmin(a, b))
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Peanusauns anroputma Esknupga (pekypcus)

int gecd(int a, int b) {
if (b == 0) {
return a;

}
return gcd(b, a % b);
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Peanusauuns anroputma Esknupga (uukn)

int gcd(int a, int b) {
while (b !'= 0) {
int temp = b;

b=a% b;
a = temp;
}
return a;
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Naesa: kaHoHu4eckas daktopusaums

Jlioboe uenoe N > 1 MoxHO 3anucaTh B BUAE

k
i=1

. rae pp < py < - < p, — npocTble, ¢; > 1 — Uenble cTeneHu.

KaHoHuyeckas dopma: Bektop nap (p;, e;) — yaobeH ans onepauunii Hag bonbwmmMmu Yncnamm

NHTynumsi: Kak xpaHeHne OTAebHbIX Pa3psiAoB Npu paboT ¢ bonblnMy Yucnamu

Lenb: npeactaBnsth yncna kak vector<Factor> n BbINOMHATL YMHOXeHME/ feneHne 6e3 BoccTaHOBAEHNS
uesoro
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Marematuka onepauynii Ha cphakTopu3soBaHHoii chopme

® [lyctb

A:Hp?’, B:Hp?"
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Maremartuka onepaunii Ha pakTtopusosaHHoii popme

® [lyctb
A:Hp?’, B:Hp?"
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Maremartuka onepaunii Ha pakTtopusosaHHoii popme

® [lyctb
A:Hp?’, B:Hp?"

® (koopamHaTbl p; — No OBBEANHEHHOMY MHOXECTBY MPOCTbIX AennTeneii), rae a;,b; > 0
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Maremartuka onepaunii Ha pakTtopusosaHHoii popme

® [lyctb
A:Hp?’, B:Hp?"

(koopamMHaTLl p; — NO 06BEAMHEHHOMY MHOXECTBY NPOCTbIX AenuTeneii), rae a;, b, > 0

A-B= Hp?’+bi

® Torga

A b, .
== Hp;“ b Tpebyerca a; > b; Vi
3
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Maremartuka onepaunii Ha pakTtopusosaHHoii popme

® [lyctb

A:Hp?’, B:Hp?"

L4 pZE7, (Ll‘blz?
(koopamMHaTLl p; — NO 06BEAMHEHHOMY MHOXECTBY NPOCTbIX AenuTeneii), rae a;, b, > 0

A-B= Hp?’+bi

® Torga

A b, .
== Hp;“ b rpebyercs a; > b, Vi
3

® 3HauuT onepaumn — 3TO CANSIHNE OTCOPTUPOBAHHbLIX CMUCKOB 1 CyMMUPOBaHNe/BbIYMTaHNE NOKasaTenel
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®dopmaTt gaHHbIX

struct Factor { long long p; int e; };

® D — NpocToe, € — 3KCMOHEHTa
® BHyTpeHHee TpeboBaHMe: BEKTOPbI OTCOPTUPOBaHbI MO P, OE3 Hy/lEBbIX CTeneHelk
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NuTepdeiic pyHkumii (aekomnosnums)

® vector<Factor> factorize(long long n);
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NuTepdeiic pyHkumii (aekomnosnums)

® vector<Factor> factorize(long long n);
® vector<Factor> multiplyFactors(const vector<Factor>& A, const vector<Factor>& B);
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NuTepdeiic pyHkumii (aekomnosnums)

® vector<Factor> factorize(long long n);

® vector<Factor> multiplyFactors(const vector<Factor>& A, const vector<Factor>& B);

® vector<Factor> divideFactors(const vector<Factor>&% A, const vector<Factor>& B); —
BEPHYTb MYCTOl BEKTOP WM BbIOPOCKUTL OLINOKY, €cnn He AennTcs
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NuTepdeiic pyHkumii (aekomnosnums)

® vector<Factor> factorize(long long n);

® vector<Factor> multiplyFactors(const vector<Factor>& A, const vector<Factor>& B);

® vector<Factor> divideFactors(const vector<Factor>&% A, const vector<Factor>& B); —
BEPHYTb MYCTOl BEKTOP WM BbIOPOCKUTL OLINOKY, €cnn He AennTcs

® long long toNumber(const vector<Factor>%& F, long long MOD = -1); — onuuoHanbHO, C MOAYNEM
VN aKKYPATHO C NPOBEPKO NepenosiHeHns
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®daktopusaumna — uges (trial division)

® [1na n ncnonb3yem npocToii nepebop aenvteneli go v/n:
® nns d = 2 oTgensHo, 3aTeM HeyéTHble d = 3,5, ...

® cuuTaTh CTeneHb, AennTb Jo Tex nop, noka n%d == 0
® nocne yukna, ecam n > 1 — octaTok NpocT n gobaenseTcs kak dakTop

® Cnoxnocts: O(y/n)

® Kak yckopuTb MOXHO?
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Cnusnne (merge) — kntoyeBasn naes

® [lycte A n B — oTcopTupoBaHHble Mo p cnnckn MHoXuUTeNeln. Kak obbeanHNTL CINCKN, COXpaHsisi COPTUPOBKY?:

24



Cnusnne (merge) — kntoyeBasn naes

® [lyctb A n B — oTcopTupoBaHHble o p cnuckn MHoxuTeneid. Kak obbeanHnTL CNUCKU, COXpaHsisi COPTUPOBKY?:
® ecnu py < pp — B pesynbTat gobasnsietcs (py,ey) (W (py, e —ep) N5 penenns)
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Cnusnne (merge) — kntoyeBasn naes

Mycts A u B — oTcopTrpoBaHHble no p cnucku MHoxuteneir. Kak obbeguHnTs CNMCKy, COXpaHsis COPTUPOBKY?:

® ecnu py < pp — B pesynbTat gobasnsietcs (py,ey) (W (py, e —ep) N5 penenns)
® ecin py == P — CKNAAbIBAEM/BbIYNTAEM SKCTIOHEHTBI

® ecnu py > pp — aHanornyHo ¢ B
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Cnusnne (merge) — kntoyeBasn naes

Mycts A u B — oTcopTrpoBaHHble no p cnucku MHoxuteneir. Kak obbeguHnTs CNMCKy, COXpaHsis COPTUPOBKY?:

® ecnu py < pp — B pesynbTat gobasnsietcs (py,ey) (W (py, e —ep) N5 penenns)
® ecin py == P — CKNAAbIBAEM/BbIYNTAEM SKCTIOHEHTBI

ecnn p, > pp — aHanoruyHo ¢ B
Vitor — nuneiinoe spems O(|A| + |BJ)
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Cnusnne (merge) — unnocrpauus

2 6 8 2 3 9 1 4 9
N s s " X
216 2| 8 319 1] 4
N7 A sort and combine each subpart
2 12| 6] 8 1131419

Figure 2: Cnustue
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Mpeobpa3oBaHne obpaTtHo: toNumber

® kak byger peannsosaHa (yHkuUus toNumber?
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Mpeobpa3oBaHne obpaTtHo: toNumber

® kak byger peannsosaHa (yHkuUus toNumber?

long long toNumber (const vector<Factor>% F, long long MOD = -1) {
int64_t acc = 1;
int64_t tmp = 1;
for (const Factor& f : F) {
acc*=fastPow(f.p, f.e, MOD)
}

return acc;
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Mpumepbl n aemoHcTpayus

* Mpumep 1: N = 360 = 23 - 32. 51
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Mpumepbl n aemoHcTpayus

* Mpumep 1: N = 360 = 23 - 32. 51

® factorize(360) — [{2,3},{3,2},{5,1}]
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Mpumepbl U agemMmoHCcTpauuns

® Mpumep 1: N =360 = 23-3%2.5!
® factorize(360) — [{2,3},{3,2},{5,1}]

® [lpumep 2: YMHOXeEHME:
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Mpumepbl U agemMmoHCcTpauuns

® Mpumep 1: N =360 = 23-3%2.5!
® factorize(360) — [{2,3},{3,2},{5,1}]

® [lpumep 2: YMHOXeEHME:

o A=22.3'([{2,2},{3,1}]), B =3%.5' ([{3,2},{5,1}])
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Mpumepbl U agemMmoHCcTpauuns

® Mpumep 1: N =360 = 23-3%2.5!
® factorize(360) — [{2,3},{3,2},{5,1}]

® [lpumep 2: YMHOXeEHME:

* A=2%.3'([{2,2},13,1}]), B=3%-5" ([{3,2},{5,1}])
® multiplyFactors(A,B) — [{2,2},{3,3},{5,1}] — uncno = 22.33.51 =4.27.5 =540
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Mpumepbl U agemMmoHCcTpauuns

® Mpumep 1: N =360 = 23-3%2.5!
® factorize(360) — [{2,3},{3,2},{5,1}]

® [lpumep 2: YMHOXeEHME:

* A=2%.3'([{2,2},13,1}]), B=3%-5" ([{3,2},{5,1}])
® multiplyFactors(A,B) — [{2,2},{3,3},{5,1}] — uncno = 22.33.51 =4.27.5 =540

® [pumep 3: [eneHue:

® divideFactors( [{2,3},{3,2},{5,1}], [{2,1},{3,1}] ) — [{2,2},{3,1},{5,1}]
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